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A novel procedure to evaluate equilibrium constants from sedimentation-diffusion equilibrium data of analytical ultra- 
centrifuge runs is proposed It is shown that, by comption of a reacting mixture at chemical equilibrium with a non-react- 
ing but equally composed one. the sum of the mean concentrations of the reztion products can immediately be taken from 
optical absorption or from interferometric measurements. In most but not in all cases the use of stacked doubIe-sector 
centerpieces is required. 

1. Introduction 

The study of biologically important macromolecules 
very often involves the question of the specific inter- 

action between macromolecules or that between 

macromolecules and low-molecular-weight substances. 
Ultracentrifugation offers universal possibilities for 
studying such interactions. Since each of the consti- 

tuents of a complex and the complex itself will have 
different molecular masses, it should, consequently, 
be possible to separate and analyse them in a gravity 
field. As in the conventional use of the ultracentrifuge 
there are two different methods, one I would tenta- 
tively like to call “transport analysis” and the other 
“equilibrium analysis”. 

The first method, the “transport analysis”, is based 
on the difference between the sedimentation coeffi- 
cients of the constituents of the complex, which should 
be as large as possible. After sedimentation of the 
heavy component together with the complex formed, 
the uncomplexed part of the light component can be 

measured in the supematant [l-7]. This method 
demands high gravity fields, and it is necessary to en- 
sure that the concentration of the light ligand meas- 
ured in this manner is identical with the equilibrium 
concentration measured under normal conditions, i.e- 
in absence of the applied gravitational force. The 

main sources of error are the high hydrostatic pressure 
in the cell and the dependence of the concentration 

of the free light ligand in the supematant on the dif- 

ference between the sedimentation coefficients of the 
macromoIecule and the complex formed [S] _ 

The ‘Lequilibrium analysis” circumvents these 

short-comings. It is carried out under the conditions 

of a normal sedimentation-diffusion equilibrium run, 

that is, with relatively low gravity fields. Thus the 
hydrostatic pressure inside the cell will be small; since 
the net flow of material in the centrifugal field is zero, 
there is no disturbance of the chemical equilibria;and 
transport phenomena are totally avoided. 

I would like to discuss this last method and show 
that by an appropriate modification of the sedimenta- 

tion-diffusion equilibrium centrifugation, a sensitive 
differential method can be developed that allows us to 
demonstrate in a simple way the formation of com- 
plexes and quantitatively to determine the equilibrium 
constants_ 

2. Thermodynamics 

fie condition for chemical equilibrium for the re- 
action 
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is 

&#i=o. (2) 

where pi is the chemical potential per mole of species 

i and vi the number of moles by which i is involved in 
one stoichiometric turnover. The chemical potential 
,c+ is related to the concentration Ci by the relation 

pi=/LF +RTlnai=$ +RTln(yc.) IL 9 (3) 

where 4i is the activity and ri the activity coefficient, 
respectively, of the ith component. 

If we suppose that (n - 1) of a total of II reaction 
participants, whose concentrations can freely be 
chosen, are distributed in such a way that they main- 
tain the condition of sedimentation-diffusion equilib- 
rium in a centrifugal field, it can be shown [9-l l] 
that 

dpi-Miw*r&=O fori= I,& . . . . n, (4) 

where r denotes the radial position, o the angular 
velocity of the rotor and Mi the mole mass of the ith 
component. This means that, if chemical equilibrium 
between alI the n reaction participants is established 
everywhere in the gravitational field and sedimenta- 
tion-diffusion equilibrium additionally h&Ids for 

(n- 1) components, sedimentation-diffusion is then 
also established for the nth component_ 

This enables us to describe the concentration dis- 
tribution of any i of the components by integrating 
the ith of all n differential equations (4). Assuming 
the solution to be dilute and incompressible entails a 
constant solution density everywhere: p(r) = p = const. 
Furthermore, for simplicity, we shall only deal with 
ideal solutions and constant temperature T. Thus 
eqs. (4) transform to 

dCi Mi 
dr = RT W*Xi( 1 -phi) fori= 1,2 ,..., R, (51 

where Eii is the partial specitic volume of the ith com- 
ponent. 

These differential equations have to be solved with 
the boundary condition that the mass enclosed in the 
solution column of an ultracentrifuge cell remains 
constant at any time during the experiment. For sec- 
tor-shaped cells, we get 

for i = 1,2, .._, n , 

where 

(6) 

Mi( 1 -q_P)U* 
Ai=- 

2RT ’ (7) 

c: is the original concentration of the ith component 
and rm and ‘b refer to the radial positions of the bot- 
tom and the meniscus of the solution cohnnn, respec- 
tively. For the validity of eqs. (6) and the notation 
used therein compare textbooks on thermodynamics 
and [12,13]. 

So far, the evaluation of eqs_ (6) is solely based on 
the assumption of constant temperature and of ideal 
solution behaviour. At no time does it refer to the 
chemical equilibrium between the various solutes we 

finally wish to deal with. It is even useful, with regard 
to an operational definition of an average concentra- 
tion Ci, to imagine that i is the only solute; then pi not 
only means the average value of Ci(r) in a sector- 
shaped cell, but is also identical with the concentra- 

tion of the solute in the absence of the gravitational 
field, i.e. with c$. This does not hold, however, when 

more than one solute is present and chemical equilibra- 

tion between them is allowed. Under these circum- 
stances the meaning of Ci wilt be limited to that of an 

average concentration in a sector-shaped cell: 

fori=1,2 ,.._, n. @a) 

For our purposes, this result is the most suitable 
solution of the differential eqs. (4) whose validity for 
all n components, as we have seen, is compatible with 
the condition of chemical equilibrium. Therefore, 
since eq. (2) can easily be formulated in terms of the 
mass action law: 

K=iL~ 
t-=1 
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(if we tacitly maintain our assumption that ri = 1 for 
any 0, it is obvious that the Cj(r)‘S from eqs. (6a) ful- 
fill eq. (8) at any radial position between the meniscus 
and the bottom of the solution column. The condition 
of chemical equilibrium, together with the condition 
of mass conservation which also have to be applied, 
define all average concentrations q of the n partici- 
pants of the reaction. It is easy to show that the 
average concentrations Fi are diferent from the equi- 
librium concentrations of the various components in 
the absence of the centrifugal field [I 1,141 and there- 
fore must not 5e confused with the latter (although 
the numerical error may be small). 

It will be of practical help to note, that the Ajs 
from eq. (7) can be composed additively from molar 
increments as long as the partial molar volumes Vi-s ; 
can be obtained by the addition of molar quantities 
(see appendix)_ Similar relationships also apply to the 
refractive index increments I$~ (for comparison see 
[f I ] and the literature cited therein). 

3. Simple example 

For the simplest enzyme-l&and interaction 

E+L*EL 

two equations for the consecration of mass hold: 

ct =FL fc,, . (10) 
The equilibrium condition reads: 

Kd = cE(‘) cL(‘)/c&-) - uu 

These equations, together with three sedimentation- 
diffusion equilibrium conditions according to eqs. (6a), 
govern the concentration distribution of the three 
equilibrium constituents E, L, and EL. 

Substitution of eqs. (6a) and (7) into eq. (11) and 
replacement of Fg by (cg- iZ&) according to eq. (9), 
and of & by (& - -c& according to eq. (lo), yield 

aslongasAEL=AE+AL. 
Running the centrifuge under the usual conditions, 

that is, to obtain sedimentation-diffusion equilibrium 
with the concentration ratio of the solute at the bot- 
tom and at the meniscus of the column of the solution 
not higher than 3 or 4, the exponential functions can 
be expanded in series. Introducing 4 E $(pmf~) and 
d -‘2,=-(&-&sA(r?)gives 

from which it follows that there wiil be no serious 
numerical error if C is simply assumed to be 1. 

Regardless OF whether this simplification can be ap- 
plied or not, Kd can be evaluated under all circum- 
stances by measuring the average concentration of EL. 

4. Methodology 

Let us consider the following experiment: two 
centerpieces of the double-sector type are mounted 
together in such a manner that every two sectors are 
stacked and GnultaneousIy covered by the photo- 
electric scanner (tlg. 1). One of the leading sectors (in 
the sense of rotor rotation) is ftled with an equilibrium 
mixture of enzyme and ligand, the other with pure 
solvent. Once the sedimentation-diffusion equilibrium 
is established, the scanner registers an optical density 
at the various radial positions, which is the sum of all 
absorptions of the various components at this position 
(for unit path length): 



(15) 

The traiIing sectors are ftied with either pure enzyme 
or pure llgand solution, respectively. The concentra- 
tions are chosen to be equal to the concentrations of 
enzyme and Jigand in the feading sectors, which means 
#at cg = ZTE f CEL and ct = FL f FEL. At sedienta- 
tion-diffusion equilibrium the scanner will indicate 
the following absorption: 

Fig. 1. !khematic &awing of stacked doublesector cells. Ut 

and Uz denote the fluid columns af tfre feading and trailing 
sectors of the upper double-sector centerpieces, Lr and L3; 
those of the lower ones. respectively_ The men&i of the 

columns are at rm, the bottoms at q,_ Ia, ft. and f, denote 
incident llgbt intensity, transmitted light intensity of f&e 
leading and of the traikg sectors. respectively. 

right intensities. In our experiment subtraction of the 
logarithms of the intensities 11 and 1, would yield: 

-Iog(1t/1.&k, r) = -Iog(11 &-J)(~~~) i- Iog($/lg)(k r) 

cm 
as long as rm and rb, T and u are identical for sectors 
of equal shape. 

The scanner of the Beckman Model E Analytical 
Ultracentrifuge is designed to compare the optical 
densities at equal radial positions of the leading and 
trailing sectors of a double-sector ceti, that is* to sub- 
tract rhe logarithms of the corresponding transmitted 

Z--FELF, 07) 

which clearly demonstrates that our arrangement wiJi 
show a photoelectric density recording whibh at any 
radial position is proportional to the mean compJex 
concentration +L. It thus provides quantitative evi- 
dence for molecular interaction. 

The simplification used previousIy for C can aJ.so 
be applied to F, provided that the assumptions men- 
tioned there are a&a made here (compare eq, (14)). 
Thus eq. (17) can be rewritten: 
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For the aforesaid distribution of enzyme and ligand 
over the four sectors of our stacked double-sector cells. 
the scanner wih display negative recordings for r <r. 
and positive ones for r > ro. Consequently there is a 
point r’ where the opti& density difference between 
the leading and the trailing sectors vanishes. Now r’ 
can be evaluated exactly as a root ofF with the aid of 
a small desk calculator and the use of any suitable 
method for solving nonlinear equations. If, however, 
the assumptions which justify the transformation of 
eq. (17) to eq. (18) are valid and in addition eEL = eE 
+ E , then r’ can be calculated from i2 = r3 = 

&$). 
The knowledge OF i is of practical importance 

because any no-nuking of the scanning electronics 
can thereby be detected and accounted for in numeri- 
cal evaluations. Its physical meaning is comparable to 
what is called “hinge point” by Schachman ]i 51. 
Similar suggestions wiIl be helpful when interference 
optics is used to recognize the radial point of zero line 
shift. 

The method just described is in no way limited to 
systems where both equilibrium constituents dispiay 
an utilisable absorption spectrum. In general, one can 
expect that only one or neiffier of the complex-form- 
ing components will show an absorption in the acces- 
sible spectral range. In those cases the RayIeigh ittter- 
ferorneter may be empIoyed with similar success to 
determine differences in the refractive indices 2nd 
hence concentration differences. In analogy to eq. (Al) 
(see appendix) 

z -s ELF’> 1m 

where AJZ(& r) refers to the wavelengthde~endent 
refractive index difference at radius r, which is 
characterized by a line shift J. If d is the cell thickness 
(optical path length) we have 

and therefore 

&2(X, r) = JO, r) X/d 

2nd 

(21) 

.J(h, r) = -+&/A) F’ . 03 

+bE and $r_ may easily be determined by synthetic 
boundary runs or by refractometry, and +Et is cal- 
culated from eq. (19). Thus, the determination of FEEL 
turns out to be simply a matter of counting of shifts 
of interference fringes, which is a familiar procedure 
in conventional sedimentation-diffusion runs. 

F and F’ can both be calculated from eq. ( 17) 2nd 
from eq. (20), respectively, or from eq. (I 8) or 3 
similarly simplified one, respectively, if the assump- 
tions leading to the two latter ones are justified. Ali 
the terms therein are either known or can be deter- 
mined independently. With the aid of those a priori 
calculations. i& can easily be obtained from optical 
density difference recordings or from the fringe shift 
of interfetametric photographs. By use of eq. (12) 
the dissociation constant Kd is finally obtained. 
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5. Discussion 

In the previous sections it has been shown with 
the help of a simple example, how a suitable choice 
of the fiiings of the leading and trailing sectors of 
stacked double-sector cells makes it possible not only 
to demonstrate the presence of a product formed by 
chemical reaction of two reactants, but also to evalu- 
ate this process quantitatively. 

Let us now consider a more general example where 
k components react to yield products_ It is tacitly as- 
sumed that the removal of one of the k components 
prevents all interactions of the remaining (k- I) re- 
actants (each arbitrary system of interactions can be 
reduced to a limited number of such “‘elementary” 
equilibria). Then the technique outlined above, 
whether it makes use of optical absorption or of in- 
terferometry, requires the following experimental 
set-up. One of the trailing sectors is ftied with (k- 1) 
starting components, the other with the kth compo- 
nent, while the reacting mixture is to be found in one 
of the leading sectors. By running the centrifuge one 
can observe either a difference of optical density or a 
fringe shift, whenever the sum of the starting concen- 
trations of the k reactants is different from the sum 
of their average concentrations at sedimentation- 
diffusion equilibrium: 

difference of optical density of fringe shift 

= pzi(r) (cy-q) - 

Since the difference in brackets corresponds to the 
sum of the average concentrations of the products, it 
is easy to recognize that the procedure described here- 
in not only indicates a chemical reaction between rwo 
molecules, but also enables us to detect a chemical 
reaction. between more than two components and to 
determine its extent from the sum of mean product 
concentrations, which is indicated directly by the ex- 
perimental set-up. One experiment (that is, one ultra- 
centrifuge run with one stacked arrangement of double- 
sector cells as shown in fig. 1) should, at least in prin- 
ciple, be sufficient to yield (practically) non-vanishing 
determinants for the evaluation of all mean product 
concentrations when as many different radial positions 
as the number of products formed are taken into ac- 
count. Otherwise additional runs would be necessary 

under altered conditions: lowering or raising concen- 
trations of starting components, altering rotor speed, 
using other wavelengths in case of optical absorption 
analysis, replacing W-scanner by a Rayleigh inter- 
ferometer etc. 

Although the method of “‘equilibrium analysis” is 
generally applicable, it is not suitable for the investiga- 
tion of very strong or very weak interaction. It pre- 
supposes that complex and complex-forming consti- 
tuents are present in similar concentrations and that 
therefore the difference between the starting and the 
equilibrium concentrations is measurable with adequate 
experimental accuracy. If we remember that measure- 
ments with Rayleigh interference optics carried out 

on 0.5 to 5 mg/ml of substance at 546 run and 12 mm 
cell thickness can be meaningfully evaluated, then for 

proteins with a mole weight of 200000 this corre- 
sponds to a solution of 2.5 X 10m5 M. In this case the 
interference optics may be employed, if one wishes 
to determine the binding of a @and with Kd = 10s6 
to lo4 M. Through reduction of the optical path 
Iength to 3 mm it should even be possible to carry out 
measurements where I& = 10m3 hi. A restriction 
must nevertheless be mentioned because at equal 
molar concentrations of the interacting partners it is 
the higher molecular weight component which will 
obviously be predominantly recorded, when inter- 
ference optics is used, since the alteration of the 
refractive index is more dependent on the mass rather 
than on the number of molecules dissolved in unit 
volume. Therefore, the interferometric determination 
will always be unsuitable if the binding of a small 
l&and to a macromoIecuIe is to be studied, as the dif- 

ference in mass between the macromolecule and com- 
plex is too small. In this case, it is more advantageous 
to resort to other methods such as equilibrium dialysis 
or “transport analysis”, or it may, under certain con- 

ditions, be possible to utilize electronic scanners to 
record optical absorption. Nevertheless, since the in- 
terference method causes no problem with regal-d to 
light intensity (at least as long as the solutions do not 
absorb at 546 run) the sensitivity can be significantly 
raised by an increase of the rotor speed (Ai is propor- 
tional to w*)_ 

The use of the photoelectric scanner may extend 

the limits of measurements to much smaller solute 
concentrations than those just discussed. Proteins may 

typically be recorded at 280 run at concentrations 



I: Flossdorf/Analysis of chemic& reacting syrtems 159 

between 0.05 and 1 mg/ml. This corresponds to a 
concentration of protein (mote weight 200 000) of 
2.5 X 10m7 to 5 X iOe6 M and therefore widens the 
range of application to Kd’s smaller by another order 
of magnitude with respect to interferometry. How- 
ever, there are four distinctly different cases: 

In the first case both the interacting components 
(if for simplicity we remain with the system E f L * 
EL) possess no measurable absorption spectrum. 
Then a photaelectric recording is not possible, and 
the use of interference optics will be the method of 
choice. 

In the second case both components absorb at 
similar wavelengths. Then the considerations intro- 
duced above will hold with regard to the recordable 
region of the equilibrium constants, which can be ex- 
panded by the use of thinner cells (3 mm) and through 
the choice of suitable wavelengths (a f &,)_ 

The third case includes the two possibilities that 
either the macromolecule does not exhibit a record- 
able spectrum or the smaller l&and can be followed at 
wavelengths outside the absorption spectrum of the 
larger one. In this case one should avoid the use of 
stacked double-sector cells and return to one normal 
double-sector ceil. Its trailing sector is fdled with the 
smaller ligand solution, the leading sector with the 
reaction mixture at chemical equilibrium. This holds, 
of course, in a similar way for components of com- 
parable weight, if their spectral ranges of absorption 
are sufficiently different. 

ln the fourth case only the macromolecule has a 
recordable spectrum. Then measurements can be ex- 
pected to be meaningful only if the molecular weights 
of the pure macromolecule and of the compiex 
formed with it are sufficiently different, that is, when 
the small Ugand is not too light. 

Increasing the sensitivity by increasing o is subject 
to strict limitations. Whenever the photoelectric 
scanner is used, it is er;sential to improve the standard 
illumination equipment of the ultracentrifuge with 
the aim of obtaining the highest possible intensity, 
because this type of method invoIves approximately 
equal optical densities in both pairs of sectors which 
are to be compared. An increase of w would cause 
further enhancement of absorption at the bottoms of 
the cells, and therefore still further ~provement of 
@e illumination technique would be required; how- 
&er, increased ~~rniMtion together with high absotp- 

tion would cause solute destruction. I shall deal with 
my efforts and experiences in this field as well as with 
the construction of suitable stacked double-sector 
cells in a subsequent article [ 16]_ 

In conclusion, ! would like to compare the tech- 
nique described above with others that have appeared 

in the literature [Y-l I ,I 7-201 and pursue a similar 
line of reasoning. The method of Schachman 1171 is, 

to my knowledge, the only one which can be com- 
pared with the technique proposed here. It has been 
frequently used for the investigation of the binding of 
sma!l ligands to macromolecules. Even more numerous 
investigations aim to recognize complex Formation 
and to evaluate equilibrium constants subsequently 
from the apparent male weight of the total so?ute 
[9-l 1,18-201. Being outside the scope of this article, 
they will not be discussed here. 

The method of Schacbrnan makes use of the fact 
that a small ligand will be almost homogeneously 
distributed in the cell, as long as it is in the unbound 
state, but will display a distribution in the gravity 
field as soon as it is bound to a macromolecule, if the 
rotor speed and the filling heights in the cell are so 
Iow that only the macromolecular component ex- 
hibits a detectable exponential concentration distri- 
bution. In the case under discussion the binding of 
methyl orange to bovine serum albumin was investi- 
gated. This system offered the opportunity of deter- 
mining the sum cE + ~JI CEL from interference pic- 
tures (the index E refers to thg protein and the index 
L to metbyl orange) and the sum cL f x,z ncEL, from 
absorption measurements. Plotting the first sum versus 
the second yielded straight lines which intercepted 
the abscissa at cL (anticipated to be independent of 
the radial position, as indicated above), their slope be- 
ing the mean number of binding sites of methyl orange 
per molecule protein. 

It is obvious that these experiments and the tech- 
nique proposed in the present paper are based on 
similar considerations. In both instances the concen- 
trations of the reaction participants are determined 
for one or more radial positions in an anaiytical ultra- 
centrifugal cell at sedimentation-diffusion equilibrium. 
Tbe saIient feature of the present method is that the 
contribution of the uncomplexed parts of complex- 
forming constituents are a priori eliminated by a 
special experimental set-up. Hence all uncertainties 
which arise from the comparison of separately ob- 
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tained measurements are avoided. It is even possible 
to investigate the more general situation of non- 
homogenous distribution of the free ligand. 
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Appendix 

For a hypothetical molecule with the composition 

Am &+-I cm+2--- the mole mass can additively be 
composed from constituent increments: 

M= mi%iA f (m+l)MB f (nz+2)MC + ._. 

as can be done with the partial molar volume if AY” 
for the overall formation reaction is zero: 

V=m?* t(mtl)V~ +(??2+2) Vc f .._ 

From these equations we get 

ci= 
miFAMAf(mc i)iTBMB+(m+2)iFcMc+... 

mM,+(m+ 1)MB+(m+2)MC+... ’ (A-[) 

Since (cf. eq. (7)) 

A =$&(I-5P)W2 

it follows that 
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